Abstract. The symmetry rank of a Riemannian manifold is the rank of the isometry group. We determine precisely which closed simply connected 5-manifolds admit positively curved metrics with (almost maximal) symmetry rank two. We also determine the precise Euler characteristic and the fundamental groups of all closed positively curved n-manifolds with almost maximal symmetry rank ½ðn À 1Þ=2 (n 6 ¼ 6; 7).
Introduction
In the study of closed manifolds with positive sectional curvature, a typical problem is to classify the positively curved manifolds whose isometry groups are large. Examples are the classification of homogeneous manifolds of positive curvature (cf. [AW] , [Be] , [Ber] , [Wa] , compare [GS2] , [GZ] ) and the diffeomorphic classification of positively curved manifolds with the maximal symmetry rank, cf. [GS1] . By definition, the symmetry rank of a manifold is the rank of the isometry group.
Clearly, this problem combines topological classifications in two different fields: manifolds of positive sectional curvature (Riemannian geometry) and manifolds which admit compact Lie group actions (compact transformation group theory). Note that while in both fields the topological classification looks extremely difficult (e.g. in dimension four), there has been progresses toward the combined classification problem.
This paper is partially inspired by [GS1] and [HK] . By [GS1] , a positively curved n-manifold M has the maximal symmetry rank ½ðn þ 1Þ=2 (the integer part) if and only if M is diffeomorphic to a sphere, a lens space or a complex projective space. The results of [GS1] also play an important role in the present paper.
A natural next step is to classify positively curved manifolds with almost maximal symmetry rank ½ðn À 1Þ=2. This seems to be quite difficult. The only previously known classification up to homeomorphism is for n ¼ 4, see [HK] : M is homeomorphic to a sphere or a real or a complex projective space. (Note that a closed simply connected 3-manifold of positive Ricci curvature is homeomorphic to a sphere, cf. [Ha] ).
The present paper is devoted to the study of the topology of positively curved manifolds with almost maximal symmetry rank.
Our first result gives a classification up to homeomorphism for closed simply connected 5-manifolds with positive curvature and the almost maximal symmetry rank (for non-simply connected 5-manifolds, see Theorem 0.4 for m ¼ 2).
THEOREM 0.1. Let M be a closed simply connected 5-manifold of positive sectional curvature. If M has symmetry rank two, then M is homeomorphic to a sphere.
Closed positively curved n-manifolds with almost maximal symmetry rank for n ¼ 4 and 5 are somewhat atypical. In higher dimensions, the collection of closed simply connected positively curved n-manifolds with almost maximal symmetry rank is in general larger than that with the maximal symmetry rank. Observe that if a manifold admits a positively curved metric with symrank k 5 1, then by a small perturbation one can get a positively curved metric with symrank ðk À 1Þ. However, the former collection also contains, for n ¼ 6, a flag manifold, SUð3Þ=T 2 , and for n ¼ 7, infinitely many homeomorphic types of the Eschenburg's 7-manifolds (cf. [AW] , [Es] ).
Our second result determines the precise Euler characteristic of closed positively curved 2m-manifolds with almost maximal symmetry rank (m 6 ¼ 3; 4), as well as providing information on rational homotopy groups. THEOREM 0.2. Let M be a closed simply connected 2m-manifold of positive sectional curvature. If M has almost maximal symmetry rank ðm À 1Þ, then (0.2.1) The Euler characteristic satisfies wðMÞ ¼ 2 or m þ 1 (m 6 ¼ 3; 4). (0.2.2) The rational homotopy group satisfies p 2q ðMÞ Q 6 ¼ 0, for some q > 0.
As mentioned earlier, a 2m-sphere and a m-complex projective space, whose Euler characteristic of 2 and ðm þ 1Þ respectively, admit positively curved metrics with almost maximal symmetry rank. Note that (0.2.1) does not hold for m ¼ 4 (since HP 2 admits positively curved metric with symmetry rank 3 (see Lemma 4.8)) and m ¼ 3 since wðSUð3Þ=T 2 Þ ¼ 6. Moreover, the proof of (0.2.1) implies that a nonorientable closed positively curved 2m-manifold with almost maximal symmetry rank has Euler characteristic one, which is realized by real projective spaces (see Remark 4.9).
In even dimensions, spheres, complex projective spaces and the flag manifold SUð3Þ=T 2 admit positively curved metrics with almost maximal symmetry rank.
By Theorem 0.2 (also see Lemma 4.8), one is able to conclude that the above is a complete list among all known examples of manifolds with positive curvature (cf. [AM] ).
COROLLARY 0.3. No positively curved metric on any of the following manifolds has almost maximal symmetry rank:
HP n ðn > 2Þ; CaP 2 ; Spð3Þ=ðSUð2Þ 3 Þ; F 4 =Spinð8Þ:
Our third result asserts the cyclicity of the fundamental groups of closed positively curved manifolds with suitably large symmetry rank. By the classical Synge theorem, we can assume the dimension is odd.
THEOREM 0.4. Let M be a closed ð2m þ 1Þ-manifold of positive sectional curvature. If
then p 1 ðMÞ is cyclic.
Clearly, Theorem 0.4 applies to all positively curved ð2m þ 1Þ-manifolds with almost maximal symmetry rank except for m 4 3 (which requires the maximal symmetry rank). Moreover, from [GSh] and [Sh] one easily sees that there are positively curved 7-manifolds with (almost maximal) symmetry rank three whose fundamental groups are non-cyclic Abelian (cf. [AW] , [Es] ). Clearly, for all q 5 1 the lens space, S 2mþ1 =Z q , admits positively curved metric with almost maximal symmetry rank. The notion of a p 1 -invariant isometric T k -action on M is a generalization of an isometric T k -action on M: it is an isometric T k -action on the universal covering which extends to a semi-direct product p 1 ðMÞÂ r AutðT k Þ-action. The local symmetry rank of M is the largest k for all possible p 1 -invariant T k -actions. By [Ro1] , if a closed positively curved n-manifold admits a p 1 -invariant isometric T k -action, then p 1 ðMÞ has a cyclic subgroup with index less than a constant wðnÞ.
For the class of the almost maximal local symmetry rank, we are able to give a sharp estimate for wðnÞ (cf. Example 1.2 of [Ro1] ). THEOREM 0.5. Let M be a closed ð2m þ 1Þ-manifold of positive sectional curvature. If M has almost maximal local symmetry rank m, then p 1 ðMÞ has a cyclic subgroup of index 4 m þ 1 ðm 6 ¼ 3Þ.
A natural question is: To what extent do the above results hold for positively curved manifolds whose symmetry rank is only suitably large, e.g., the symmetry POSITIVELY CURVED MANIFOLDS WITH ALMOST MAXIMAL SYMMETRY RANK rank is about 1=4 dimðMÞ (compare Theorem 0.4)? We will present certain results on this problem; see Section 7 for details.
We now give some indication about the proofs of Theorems 0.1, 0.2. Consider a positively curved n-manifold M which admits an isometric T kaction. First, the orbit space is an Alexandrov space with positive curvature (cf. [BGP] ). If k ¼ ½ðn þ 1Þ=2, then there is a circle subgroup with fixed point set of codimension 2 i.e. the orbit space (by the circle group) has a nonempty boundary. Hence, one can apply the critical point theory to the orbit space (see [GS1] ).
If k ¼ ½ðn À 1Þ=2, then the critical point theory is inadequate due to the lack of the existence of a circle subgroup with fixed point set of codimension 2. When n ¼ 4, [HK] estimated the Euler characteristic by estimating the number of isolated fixed point (Lefschetz fixed theorem) via the technique of the so-called extent estimate (cf. [Gro] , [GM] ) and then apply the standard 4-manifolds theory (cf. [Fr] ).
In our proof of Theorem 0.1, the extent estimate also applies to bound the number (at most three) of isolated circle orbits (see Lemma 2.6). The main work is to establish a classification up to homeomorphism for closed simply connected 5-manifolds which admit T 2 -actions such that there are at most three circle orbits and the fixed point set of any isotropy group of finite order contains circle orbits (see Theorem 2.1). Basically, we show that such a T 2 -manifold has a vanishing second homology group and thus is a homotopy 5-sphere (cf. [Sm] ).
In the proof of Theorem 0.2, we first observe that if fixed points are not isolated, then there is a circle subgroup with fixed point set of codimension 2 (see Lemma 4.1) and thus [GS1] applies. Hence, the problem is to count the number of isolated fixed points. Obviously, the method of extent estimate is not suitable for Theorem 0.2 since it at most yields an upper bound.
Our strategy of counting the number of isolated fixed points is based on a 'classification' of the singular stratification which, in turn, relies on the assumption of almost maximality (see Lemma 4.1). A singular orbit is one whose isotropy group has positive rank and a singular stratum is a component of the singular orbits whose isotropy group are the same. Let us consider M in Theorem 0.2 and estimate the number of isolated fixed points. First, the almost maximality condition implies that for each T mÀ1 -fixed point x, there is a circle subgroup with fixed point component, x 2 N, of dimension ð2m À 4Þ. Since the induced metric on N has the maximal symmetry rank ( [GS1] ), it suffices to count fixed points outside N. Our strategy is to estimate, instead, the number of the singular stratum of circle orbits whose accumulate (fixed) points are one outside N and one in N (see Lemma 4.3). This method replies on the 'classification' of the stratification and uses the Synge type argument by Frankel (see Lemma 1.6) which requires m 5 4.
The rest of the paper is organized as follows: In Section 1, we supply necessary background used in this paper. In Sections 2 and 3, we prove Theorem 0.1, in Section 4, we prove Theorem 0.2, In Section 5, we prove Theorem 0.5, and in Section 6, we prove Theorem 0.4. In Section 7, we obtain theorems concerning the problem of generalizing the above results to positively curved manifolds with suitably large symmetry rank (see Theorems 7.1-7.4).
Preliminaries
For convenience of the reader, we will collect some properties which concern torus actions and isometric torus action with respect to a positively curved metrics and which will be used in the rest of the paper. For the general references, see [Br] and [Ko] .
Let's make a convention that all manifolds considered in this paper are connected and all T k -actions considered are effective.
FIXED POINT SET AND THE STRATIFIED STRUCTURE
Let M be a closed manifold which admits a T k -action. For an isotropy group H, let S ðHÞ denote the union of the orbits whose isotropy group is H. We will call a component of S ðHÞ a stratum. A stratum is a submanifold (not necessarily closed) and the dimension of S ðHÞ is the maximal dimension of all its components. The closure, S ðHÞ , is the fixed point set of H. If M is orientable, then each component, S ðHÞ;0 , of S ðHÞ is an orientable T k -invariant submanifold of even codimension (cf. [Ko] ). Clearly, M is the disjoint union of strata which forms a stratification for M.
Let T be any subgroup of T k such that its fixed point set FixðT Þ 6 ¼ ;. Note that if S ðHÞ;0 \ FixðT Þ 6 ¼ ;, then T H and therefore S ðHÞ;0 FixðT Þ 0 , a component of Fix(T). Hence, (1.1) FixðTÞ 0 is a union of several strata (of the T k -action). Let x 2 S ðHÞ;0 FixðHÞ 0 . For t 2 H, the differential, dt, acts on the tangent space, T x ðMÞ. Hence, via the differentials, H acts on T x ðMÞ, which is called the isotropy representation of the T k -action. Moreover, given any T k -invariant metric, the isotropy representation commutes with the exponential map,
Hence, if identifying a small normal disk bundle over FixðHÞ 0 with a tubular neighborhood of FixðHÞ 0 , then the two H-actions are conjugate via the exponential map. Let S i (resp. S and for each FixðT k Þ 0 , there is a chain, 
Proof. (1.2.1) is already explained in the above. Note that (1.2.2) follows if there is a circle subgroup which is transversal to all proper isotropy subgroups. The existence of such a circle subgroup is guaranteed by the fact that any T k -action on a closed manifold has only a finite number of isotropy groups (in particular, a finite number of proper isotropy groups). &
The following is the so-called homotopy lifting property (see Corollary 6.3, p. 91 in [Br] ). LEMMA 1.3. Let X be a G-space ðG a compact Lie groupÞ. If either G is connected or G has a nonempty fixed point set, then the orbit projection, X ! X=G, induces an onto map on fundamental groups.
Recall that a G-action is called semi-free, if G is the only non-trivial isotropy group. LEMMA 1.4. Let X be a S 1 -space. If H is a finite subgroup of S 1 such that the induced S 1 =H-action on X=H is semi-free, then H Ã ðX; QÞ ffi H Ã ðX=H; QÞ, where Q denotes the set of rationales.
Proof. See p167, [Di] . & Note that Lemma 1.4 is false without assuming H is a subgroup of a S 1 -action. For instance, consider the Z 2 -action on a standard torus T 2 in R 3 with nonempty fixed point set: the Z 2 acts on the torus by relection of the x-axis. Then the orbit space, T 2 =Z 2 , is homeomorphic to a sphere.
POSITIVE CURVATURE AND THE ISOMETRIC T k -ACTIONS
In this subsection, we will also assume M admits a T k -invariant metric of positive sectional curvature. THEOREM 1.5. Let M be closed positively curved n-manifold which admits an isometric T k -action.
(1.5.1) ðBergerÞ If n is even, then the fixed point set is not empty.
(1.5.2) There is a circle orbit.
For a proof of (1.5.2), see the proof of Lemma 2.1 of [Ro1] . The following property (by Frankel) will play a role in the proofs of Theorems 0.2, 0.4 and 0.5. LEMMA 1.6. Let M be a closed n-manifold with positive sectional curvature. If two totally geodesic submanifolds N 1 ; N 2 have empty intersection, then dimðN 1 Þ þ dimðN 2 Þ < n.
As mentioned in the introduction, the following theorem of Grove and Searle ([GS1] ) will play an important role in the rest of the paper. THEOREM 1.7. Let M be a positively curved n-manifold which admits an isometric T k -action. Then
(1.7.1) k 4 ½ðn þ 1Þ=2 and '¼' implies a circle subgroup of fixed point set of codimension 2. (1.7.2) If there is a circle subgroup with fixed point set of codimension 2, then M and the fixed point set are diffeomorphic to spheres, or lens spaces or complex projective spaces.
We conclude this section with a simple example of Theorem 0.1.
Consider T 2 & Oð6Þ, defined by where p; q and r are positive integers which have no common factor. Clearly, with a small perturbation of the standard metric on S 5 one can get a metric of almost constant curvature one whose isometry group is T 2 . Note that the T 2 -action has three isolated circle orbits. Moreover, if p; q and r are pairwisely coprime numbers, then the T 2 -action have no isotropy group of finite order (see Proposition 2.2).
Proof of Theorem 0.1 (I)
First, a closed simply connected 5-manifold M is homeomorphic to a sphere if and only if p 2 ðMÞ ¼ 0. This is because by the Hurewicz theorem and the Poincare´duality, p 2 ðMÞ ¼ 0 implies that M is a homotopy sphere, and by the Smale's resolution of the generalized Poincare´conjecture, a homotopy sphere of dimension 55 is a homeomorphic sphere ( [Sm] ). Our proof consists of two parts: one gives a topological condition for a fivedimensional T 2 -manifold to be a sphere (see Theorem 2.1) and the other shows that this condition holds in the presence of an invariant metric of positive sectional curvature (see Lemma 2.6).
POSITIVELY CURVED MANIFOLDS WITH ALMOST MAXIMAL SYMMETRY RANK

TOPOLOGY PART
The main difficulty in our proof of Theorem 0.1 is to establish the following theorem: THEOREM 2.1. Let M be a closed simply connected 5-manifold. Assume M admits a T 2 -action. Then M is homeomorphic to a sphere if the T 2 -action satisfies (2.1.1) There are at most three ðisolatedÞ circle orbits, (2.1.
2) The fixed point component of an isotropy group of finite order ðif anyÞ contains circle orbits.
As an immediate consequence, one concludes that S 2 Â S 3 admits no T 2 -action satisfying (2.1.1) and (2.1.2).
We will prove Theorem 2.1 in two steps. In this section, we will prove a special (and typical) case that there are no isotropy groups of finite order (see Example 1.8). The general case is more involved and is postponed to the next section. PROPOSITION 2.2. Theorem 2:1 is true if there are no isotropy groups of finite order.
We first prove two simple lemmas. LEMMA 2.3. Let M be a T k -manifold. If the fixed point set is not empty, then there are infinitely many circle orbits.
Proof. For x 2 FixðT k Þ, via the isotropy representation T k acts orthogonally on T x ðMÞ. From elementary linear algebra one easily sees that the orthogonal T k -action on T x ðMÞ has infinitely many circle orbit near the center and thus Lemma 2.3 is true. & LEMMA 2.4. Let M be as in Theorem 2:1. Then the orbit space, M Ã ¼ M=T 2 , is a topological manifold and is a homotopy sphere.
Proof. First, by Lemma 2.3 the fixed point set is empty. By Lemma 1.3, M Ã is simply connected. Hence, it suffices to show that M Ã (compact) is a (topological) 3-manifold (and thus a homotopy 3-sphere).
Case 1. There is no isotropy group of finite order. Let O be any nonprincipal orbit and let H be the isotropy group of O. We claim H is a circle which acts freely on the normal sphere of O. Clearly, this implies that M Ã is a (topological) 3-manifold. If the claim is false, since O is isolated and since any Abelian groups which can act freely on a (normal) sphere are a circle or a finite cyclic group, any tubular neighborhood of O contains a nonprincipal orbit. Since circle orbits are isolated, the nonprincipal orbit must have a finite isotropy group, a contradiction.
Case 2. There is a unique finite isotropy group H. Since the fixed point set, FixðHÞ 0 , contains a T 2 -orbit, FixðHÞ 0 is 3-manifold. Note that H acts freely on the normal sphere of FixðHÞ 0 and thus the orbit space M=H is a (topological) 5-manifold. By Lemma 1.3, M=H is also simply connected. We then apply Case 1 to the T 2 =H-action on M=H with orbit space M Ã . Case 3. There are several finite isotropy groups. We can reduce to the situation in several steps such that each step is as in Case 2. & Proof of Proposition 2:2. First, by Lemma 2.3 the T 2 -fixed point set is empty. We claim that there must be circle orbits, i.e. there are isotropy groups of rank one. Otherwise, the T 2 -action is free and thus the homotopy exact sequence of
and therefore p 2 ðM Ã Þ 6 ¼ 0; a contradiction to Lemma 2.4. As seen at the beginning of this section, it suffices to show p 2 ðMÞ ¼ 0. Let M 0 denote the manifold with boundary obtained by removing a small tubular neighborhood around each isolated circle orbit, and let M Ã 0 denote the orbit space of M 0 . By the standard transversality argument, we see
By (2.5.2), it suffice to show p 2 ðM 0 Þ ¼ 0. Since there is no isotropy group of finite order, we get a fibration,
, and thus a homotopy exact sequence,
By (2.5.1) and Lemma 1.3, we get p 1 ðM Ã 0 Þ ¼ 0. Since M Ã is a homotopy sphere (Lemma 2.4), using the Mayer-Vietoris sequence for the pair, ðM 
GEOMETRY PART
The purpose of this subsection is to establish the following: LEMMA 2.6. Let M be a closed 5-manifold of positive sectional curvature. Suppose that M admits an isometric T 2 -action. Then, (2.6.1) The fixed point set of any isotropy group of finite order contains circle orbits. (2.6.2) If there is no circle subgroup with fixed point set of dimension 3, then there are at most three circle orbits.
The proof of (2.6.2) uses the technique of extent estimate (cf. [HK] , [Gro] , [GM] ). We first need some preparation on notions (cf. [BGP] ). An Alexandrov space, X, with curvature 5l is a length space on which the Alexandrov-Toponogov triangle comparison theorem applies. The local and infinitesimal structure of X is tied to the space of directions. For x 2 X, the space of directions at x, S x ðXÞ, is the space of geodesic directions at x.
Let M by a manifold with sectional curvature 5l. If G acts on M by isometries, then M Ã is an Alexandrov space with curvature 5l. For
x ðMÞ is the unit sphere in the normal space of the G-orbit at x and G x is the isotropy group at x.
For any metric space, X, the qth-extent is the maximal average distance between q points.
Proof of Lemma 2:6. Note that (2.6.1) follows immediately from the fact that the fixed point set is a totally geodesic submanifold of even-codimension and (1.5.2).
We prove (2.6.2) by contradiction. Assume that there are at least four isolated circle orbits, let q 0 ; q 1 ; q 2 ; and q 3 be their projections in M Ã . Connecting each pair of the points by a minimal geodesic, we obtain a configuration in M Ã which contains four triangles. Since K M Ã > 0, the sum of the angles in each triangle is > p and thus the total sum of the angles is > 4p.
We now compute the sum of total angles in the following way: first add the two angles at each point q i and take the sum over q i . We claim that the sum of the two angles at each point is 4p or equivalently, the 3-extent of the space of directions, S q i , satisfies xt 3 S q i 4 p=3, and therefore the sum of the total angles is 44p, a contradiction. Let H i denote the isotropy group at the orbit projecting to q i . Then H i acts, via the isotropy representation, on the normal three sphere without fixed point. If H i is a circle acting freely, then the orbit space is a two sphere of radius 1=2. As seen at the beginning of this subsection, the orbit space coincides with the space of directions and thus the claim is true (cf.
[Gro]). Otherwise, H i has a circle subgroup of finite index. Since the extent can only get smaller when the orbit space get more singular, the same conclusion remains for H i . &
Proof of Theorem 0:1 by assuming Theorem 2:1. By Theorem 1.7, M is diffeomorphic to a 5-sphere if there is a circle subgroup with fixed point set of dimension 3. Otherwise, every circle orbit is isolated. By Lemma 2.6 and Theorem 2.1, we then conclude that M is homeomorphic to a 5-sphere. & 
Proof of Theorem 0.1 (II)
In this section, we will handle the remaining case of Theorem 2.1 i.e. the T 2 -action has isotropy groups of finite order (see Proposition 2.2).
We first prove LEMMA 3.1. Let the assumptions be as in Theorem 2:1. Then H 2 ðMÞ is at most finite. Proof. First, by Proposition 2.2 we can assume that the T 2 -action has isotropy groups of finite order.
Let M 0 denote the submanifold with boundary of M obtained by removing a small tubular neighborhood around each isolated circle orbit. By the Mayer-Vietoris sequence of ðM 0 ; M nM 0 Þ, one gets that H 2 ðMÞ ffi H 2 ðM 0 Þ, and thus it suffices to show that H 2 ðM 0 Þ is finite.
By (2.1.1) and (2.1.2), it is clear that there are at most three isotropy groups of finite order. We first claim that there are subgroups generated by some isotropy groups of finite order, 2) any loop in U at x 2 @U has to be homotopy equivalent to a loop in @U ¼ @V.
Consequently, p 1 ðUÞ is generated by the homotopy class of a and therefore is either Z or Z q for some integer q 5 1.
Observe that for isotropy group of finite order, its fixed point component of dimension 3 contains two circle orbits. This implies that if H 0 is another isotropy group of finite order, then H 0 preserves U and U 0 and H 0 has fixed points in U. By Lemma 1.3, the projection map induces an onto map, p 1 ðUÞ ! p 1 ðU=H 0 Þ. Note that the T 2 =H 0 -action on M=H 0 has at most two isotropy groups of finite order. This observation implies that it suffices to prove Lemma 3.4 for the case that there is a unique finite isotropy group of finite order.
We now assume that H is the unique isotropy group of finite order. Since FixðHÞ 0 (& V ) contains two circle orbits, U contains exact one circle orbit. Let U 0 be the subset by deleting from U a small tubular neighborhood of the possible circle orbit (note that U ¼ U 0 if U contains no circle orbit). By the transversality, we get p 1 ðU 0 Þ ffi p 1 ðUÞ and p 2 ðUÞ ffi p 2 ðU 0 Þ. Since H is the unique finite isotropy group, all orbits in U 0 are principal and thus there is a homotopy exact sequence,
We claim that p 1 ðU POSITIVELY CURVED MANIFOLDS WITH ALMOST MAXIMAL SYMMETRY RANK LEMMA 3.5. Let the assumptions be as in Lemma 3:2. Then, there is a circle subgroup, S 1 , of T 2 such that S 1 \ G ¼ f1g and p 1 ðXÞ ffi Z q or p 1 ðXÞ ¼ f1g, where q is a prime and q > jH 2 ðMÞj.
Proof. We first claim that @U=T 2 is homeomorphic to a two sphere. This is because @U=T 2 is a closed two surface and by Lemmas 3.4 and 3.1, the fundamental group is isomorphic to either Z or Z p . It then follows that there is a circle subgroup, S By (3.4.1), p 1 ðXÞ is generated by the image of a in p 1 ð@XÞ and thus isomorphic to Z q (because q is a prime). & Proof of Proposition 3:3. Choosing a circle subgroup, S 1 , of T 2 as in Lemma 3.5 and applying the Gysin homology exact sequence to S 1 ! U 0 ! X 0 , we get,
Since prime q > jH 2 ðU 0 Þj and H 1 ðX 0 Þ ffi Z q (Lemma 3.5), f has to be the zero map and thus H 2 ðU 0 Þ is isomorphic to a subgroup of the torsion of H 2 ðX 0 Þ. By the universal coefficient theorem, the torsion of H 2 ðX 0 Þ is isomorphic to H 1 ðX 0 Þ ffi Z q . By the Poincare duality, H 2 ðX 0 Þ ffi H 2 ðX 0 ; @X 0 Þ. From the Lepschetz duality, we get
Since H 2 ð@X 0 Þ ffi Z q and since the torsion of H 2 ðX 0 ; @X 0 Þ ffi Z q , the torsion of H 2 ðX 0 Þ is Z q or Z q È Z q . In any case, we can conclude from (Ã) that H 2 ðU 0 Þ ¼ 0. &
Proof of Theorem 0.2
THE ALMOST MAXIMALITY AND THE STRATIFICATION
Consider a closed positively curved manifold, M, of maximal symmetry rank. Since the stratum of principal orbits form an open dense subset of M, Theorem 1.7 can be interpreted as the assertion that the closure of the stratum of principal orbits is diffeomorphic to a sphere, a lens space or a complex projective space. We observe that by (1.7.2) it is not hard to show that each component of k-orbits, S k 0 , coincides with some stratum, S ðHÞ;0 (see the proof of Lemma 4.1), such that if M is diffeomorphic to a sphere (resp. a lens space or a complex projective space), then S ðHÞ;0 is diffeomorphic to a sphere (resp. a lens space or a complex projective space).
Moreover, it can be shown that the number of components of k-orbits depends only on the diffeomorphic types of M. Therefore, the stratification is also determined.
For a closed positively curved manifold with almost maximal symmetry rank, apparently one cannot expect the above properties (e.g. SUð3Þ=T 2 admits a positively curved metric with almost maximal symmetry rank). Our first lemma implies that if (1.7.1) does not apply (and thus one does not know the diffeomorphic type of M), then the singular stratification is basically determined. is diffeomorphic to S 2ðmÀ2Þ (resp. CP mÀ2 ), then by (1.7.2) S mÀ3 0 is diffeomorphic to S 2ðmÀ3Þ (resp. CP mÀ3 ). By repeating this, one concludes that all S k 0 is diffeomorphic to a sphere (resp. a complex projective space 
is an invariant totally geodesic submanifold of dimension 54 (see Lemma 1.6). Clearly, Y is also the closure of a stratum. Since S mÀ2 0 is a sphere, from the above Y is diffeomorphic to a sphere. Consequently, S mÀ2 a is diffeomorphic to a sphere; a contradiction. & By a similar argument as in the above for even-dimensional case, one can get the following result for odd-dimensional case. 
We will first prove Theorem 0.2 by assuming Lemma 4.3. To conclude (0.2.2), we will also use a result in [Sk] (or see p53, [Hs] ). THEOREM 4.4. Let M be a closed T k -manifold with nonempty fixed point set. If p 2q ðMÞ Q ¼ 0 for all q 6 ¼ 0, then the fixed point set is connected.
Proof of Theorem 0:2. Note that Theorem 0.2 is true for spheres and complex projective spaces. Hence, by (1.7.2) and Lemma 4.1 we can assume all T mÀ1 -fixed points are isolated and, hence, by the Lepschetz fixed point theorem (cf. Theorem 5.5, [Ko] ), wðMÞ ¼ jFixðT mÀ1 Þj.
Let S mÀ2 0 be as in Lemma 4.3. Then Proof. Note that there are m S 1 -strata whose closure contains x (see (4.5)) and Lemma 4.7 amounts to say that among these S 1 -strata, there is at most one whose closure does not intersect with N.
If there are two such 1-strata, then there is T 2 -stratum, S 2 0 , whose closure contains the two S 1 -strata. Since m 5 4, by Lemma 4.1 S 2 0 is a proper totally geodesic submanifold of dimension 4. By Lemma 1.6 we conclude that S 2 0 \ N 6 ¼ ;. This implies that the closure of one of the two S 1 -strata has nonempty intersection with N; a contradiction. & Proof of Lemma 4:3. Case 1: Assume N is diffeomorphic to S 2mÀ4 . Since all T mÀ1 -fixed points are isolated, wðNÞ ¼ jFixðT mÀ1 Þ \ Nj ¼ 2. Since all 1-strata have dimension 2 (see (4.1.1)), it follows that there are four 1-strata which have empty intersection with N and whose closure have nonempty intersection with N (warning: there may be a 1-stratum which has empty intersection with N and the two T mÀ1 -fixed points in its closure are in N). If 
Proof of Theorem 0.5
We first give a consequence of Lemma 4.2 and the following result (see Lemma 2.6, [Ro1] ).
LEMMA 5.1. Let M be a closed manifold of positive sectional curvature. If M admits a p 1 -invariant isometric T k -action with a circle subgroup of fixed point set codimension 2, then p 1 ðMÞ has a cyclic subgroup of index 4k.
COROLLARY 5.2. Let M be a compact ð2m þ 1Þ-manifold of positive sectional curvature. If M admits a p 1 -invariant isometric T m -action such that there is a kstratum of dimension 2k þ 1, then p 1 ðMÞ has a cyclic subgroup of index 4m.
Clearly, the proof of Theorem 0.5 reduces to the case that all circle orbits are isolated. The following is a result which corresponds to Lemma 4.3 of even dimensions. Consider the isotropy representation of the isotropy group, H, of O on the normal unit sphere of O. By the assumption that all k-stratum has dimension ð2k À 1Þ, we conclude that there are m 1-strata for the H-action on the normal sphere and therefore m 2-strata for the T m -action on M whose closure contains O. We claim that there is at most one such 2-stratum which does not satisfy (5.4.2). Otherwise, there is a 3-stratum which contains the two 2-strata. If H is the isotropy group of the 3-stratum, then since FixðHÞ \ N 6 ¼ ; (see Lemma 1.6) one of the 2-stratum must have non-empty intersection with N, a contradiction (note that here we need the assumption that m 5 4).
On the other hand, since N is a closed totally geodesic submanifold with the maximal symmetry rank, N contains ðm À 1Þ circle orbits. For each of the each circle orbits, since N contains ðm À 2Þ 2-strata satisfying (5.4.1), there are two 2-strata which satisfies (5.4.1) and which are outsider N. Consider an isometric T k -action on a manifold with positive sectional curvature. By making use of [GS1] , we observe certain constraints of positive curvature on the singular structure of the isometric T k -action (see Theorem 7.3). The singular set is the union of nonprincipal orbits. In particular, we have THEOREM 7.1. Let M be a closed n-manifold of positive sectional curvature. If M admits an isometric T k -action with k 5 ½ðn À 4Þ=4 þ 1, then each fixed point component ðif anyÞ is a cohomology sphere or a cohomology complex projective space.
Perhaps it is interesting to note that unlike the Smith types theorems in the theory of compact transformation groups (cf. [Br] ), the manifold in Theorem 7.1 is not necessarily a cohomology sphere or a complex projective space. Indeed, there are infinitely many distinct 7-and 13-manifolds which are not cohomology spheres but which satisfy the Theorem 7.1 ( [AW] , [Ba] , [Es] ). The purpose of this subsection is to give a generalization for (1.7.2). This will be used in the proofs of Theorems 7.1 and 7.2.
Let M be a closed manifold of positive sectional curvature. Assume that M admits an isometric T k -action with a fixed point component FixðT k Þ 0 . By Lemma 1.2, there is a chain, FixðT
Since each singular stratum has even codimension, for i < k À 1 we see that dimðS Clearly, if k ¼ 1 and dimðFixðS 1 Þ 0 Þ ¼ n À 2, then FixðS 1 Þ 0 does not satisfy condition (P).
Using the Smith type theorems in the compact transformation group theory, we give an extention of (1.7.2) as following: THEOREM 7.3. Let M be a closed manifold of positive sectional curvature. Assume M admits an isometric T k -action with a nonempty fixed point component. If FixðT k Þ 0 does not satisfy condition ðPÞ, then 
PROOF OF THEOREM 7.3
The following Smith type theorem will be used in the proof of Theorem 7.3 (cf. [Br] ). THEOREM 7.5. Let M be a S 1 -manifold with a fixed point component FixðS 1 Þ 0 .
(7.5.1) If M is a cohomology sphere, then FixðS 1 Þ 0 is a cohomology sphere. (7.5.2) If M is a cohomology complex projective space, then FixðS 1 Þ 0 is a cohomology complex projective space.
Recall that if H is an isotropy group of a T k -action, then S ðHÞ;0 denotes a component of S ðHÞ consisting of all orbits whose isotropy groups are H and the closure of S ðHÞ;0 is a component of FixðHÞ.
Proof of Theorem 7:3. By (1.1.2), we get a chain, By Theorem 1.7, (7.6.2) implies that S jþ1 0 is diffeomorphic to a sphere, or a lens space, or a complex projective space. Take a S 1 -subgroup of T r such that it has the same fixed point set of the T r -action. Together with (7.6.1), we have a circle action on S jþ1 with a fixed point component FixðT k Þ 0 . By now the desired conclusion follows from Theorem 7. Proof of Theorem 7:1. Since the induced metric on FixðT k Þ 0 has positive sectional curvature, if dimðFixðT k Þ 0 Þ ¼ 2, then the universal covering of FixðT k Þ 0 is a sphere (cf. [Ha] ). Hence, we we can assume dimðFixðT k Þ 0 Þ 5 4. By Theorem 7.3, it suffices to show that FixðT k Þ 0 does not satisfy condition (P). As in the proof of Theorem 7.1, the opposite implies that dimðMÞ ¼ dimðS It suffices to show that wðF i Þ > 0 for all F i . Note that equipped with the induced metric, each F i is a closed even-dimensional manifold of positive sectional curvature. Since the Hopf conjecture has been known for dimension 4 4, we can only consider dimðF i Þ 5 6. By Theorem 7.3, it suffices to show that F i does not satisfy condition (P). This follows easily from (7.7) and the assumption on k. & Finally, we mention that after this paper was submitted for publication, we have been informed that Pu¨ttmann and Searle independently obtained Theorem 7.2 ( [PS] ).
